A two-dimensional ferromagnetic Ising system composed of ferrimagnetically ordered chains with alternating spin- 
Introduction
A number of experimental works in the area of molecular-based magnetic materials has been stimulated in recent years and the magnetic properties, namely molecular magnetism, have become an important focus of scientific interest. Among them, bimetallic molecular-based magnetic materials in which two kinds of magnetic ion A and B regularly alternate have exhibited particularly interesting phenomena. These materials reveal the magnetic properties characteristic to the ferrimagnetic chains at high temperatures. At a transition temperature, some of them, such as MnCu(pba-OH)(H 2 O) 3 , show a three-dimensional ferromagnetic ordering of the ferrimagnetic chains and others, such as MnCu(pba-OH)(H 2 O) 3 · 2H 2 O, exhibit a three-dimensional antiferromagnetic ordering of the ferrimagnetic chains. A perfect ferrimagnetic chain has also been synthesized in a bimetallic molecular-based material, such as MnCu(opba)(DMSO) 3 [1] .
On the other hand, several quantitative approaches to the magnetic properties of a ferrimagnetic chain have been discussed by the use of various theoretical methods (see [2] ). Very recently, one of the present authors (TK) has discussed that the magnetic properties of a mixed spin Ising chain made up of two kinds of alternating magnetic atom, namely spin- 1 2 A and spin-S (S > 1 2 ) B atoms, can be obtained exactly by the use of the Ising spin identities and the differential operator technique [3] . The exact initial longitudinal and transverse susceptibilities of the system have been obtained in [4] and [5] . The thermodynamic properties (internal energy, spin correlation functions and specific heat) of the system have been solved exactly in [6] . In particular, when the crystal-field constant D on a spin-S B atom is negative, the initial longitudinal susceptibility has shown a lot of new phenomena, depending on whether the value of S is an integer or a half-integer. The specific heat has exhibited some characteristic (non-Schottky-type) features in the thermal variation, when the value of D takes a large negative value. As far as we know, however, the magnetic properties of the two-dimensional system composed of these Ising chains have not been discussed.
The aim of this work is to study the magnetic properties of a two-dimensional ferromagnetic system composed of mixed spin ferrimagnetic Ising chains within the framework of the correlated effective-field approximation (CEFA) [7] , since the CEFA has reproduced the exact expressions of magnetic properties in a spin- 1 2 Ising chain when the two-dimensional spin- 1 2 Ising system with two anisotropic exchange interactions is decomposed into chains by cutting one of them [8] . In fact, the exact expressions of magnetic properties in the mixed spin Ising chain [4] can be also derived from this approach when the exchange interaction between nearest-neighbour chains is cut. The exact formulation of the system is given in section 2. In section 3, the expressions of the magnetic properties are discussed on the basis of the CEFA. The numerical results for the phase diagram and the temperature dependences of total magnetization and initial susceptibility are obtained and discussed in section 4.
General formulation
We consider a two-dimensional ferromagnetic Ising system composed of ferrimagnetically ordered chains with alternating spin- 1 2 and spin-S (S > 1 2 ) atoms described by the Hamiltonian
where the sites (i, j ) and (i + 
where · · · 0 represents the thermal average in zero field. For the transformation from (4) to (5), it has been used that the function F S (x) is an odd function of x and also the mathematical relation exp(α∇)φ(x) = φ(x + α) has been applied. Thus, the total magnetization M in zero field is exactly given by
Now, the initial susceptibility χ of the present system is defined by
Differentiating (4) with H and then taking H = 0, we obtain
where the function
Substituting (9) into (8), the initial susceptibility χ is exactly given by
As is understood from (7) and (12), it is necessary to calculate σ , (∂σ H /∂H ) H =0 and spin correlation functions (such as µ z i µ z i+1 0 ) in zero field, in order to discuss the M and χ of the present system. In particular, when J 2 = 0, the problem reduces to that of an isolated ferrimagnetic Ising chain and the magnetic properties have been obtained exactly in [4] and [6] .
Formulation of magnetic properties
The magnetization σ H is defined by
Tr e −βH .
In order to calculate σ H , let us introduce the effective interaction J S eff (H ) and the effective field H eff between a pair of spins in a chain defined by
like [4, 6, 9, 10] in [4] [5] [6] . Using (14), the Hamiltonian H in (13) can be replaced by the effective Hamiltonian H eff defined as
Thus, the investigation of σ H reduces to the problem of the two-dimensional spin- 1 2 Ising ferromagnet with anisotropic exchange interactions, namely the intrachain interaction J R (H ) and the interchain interaction J 2 .
According to the Ising spin identifies and the differential operator technique, the magnetization σ H can be written exactly in the form
δ and δ express respectively taking the nearest-neighbour sites in a chain and the sites in different nearest-neighbour chains. Furthermore, the identity (17) is generalized to
where g i can take any function of the Ising variables as long as it is not a function of the site i. At this point, let us introduce the decoupling approximation and the correlated effective-field treatment for intrachain spin correlations, in order to calculate (17) and (19) approximately. The reason is based on the following facts. Firstly, in order to derive the exact expressions for magnetic properties in the ferrimagnetic Ising chain, the decoupling approximation is introduced for the interchain spin correlations:
and
where g i is a function of spin- 1 2 operators in the chains, such as g i = µ z i+δ . Next, in order to treat the intrachain spin correlations of (20) and (21), let us introduce the correlated effective-field treatment
since it has been proved that the exact expressions of magnetic properties in a spin- 1 2 Ising chain can be derived from the approach [8] . In fact, we can obtain
for the spin correlations in a chain, when (22) is applied. Here, the correlated effective-field parameter λ H can be determined by substituting g i = µ z i+δ into (21) and using the relation (23b), as discussed in [7] .
Using (20) and (23a), the magnetization σ at H = 0.0 is given by
with
where b 0 = J R ∇ with
The correlated effective-field parameter λ (=λ H =0 ) at H = 0.0 can be determined from (21) and (23b) as follows.
Thus, the temperature dependences of σ and λ can be determined by solving the coupled equations (24) and (25) numerically. The transition temperature T c of the two-dimensional system with J 2 = 0 can be obtained by taking only the linear terms of σ in (24):
Here, the correlated effective-field parameter λ c at T = T c is
with β = 1/k B T c , since (27) becomes the quadratic equation of λ when substituting σ = 0 and the physical solution is given by (29). Now, in order to obtain the initial susceptibility χ of the present system, it is necessary to calculate (∂σ H /∂H ) H =0 in (12) . By differentiating (20) with H and using the relation (23a), it is given by
Furthermore, one should notice that from the expression of H S eff defined by (14) we can obtain
Using (21) with g i = µ z i+1 and (23b), the factor (∂λ H /∂H ) H =0 in (30) is also given by the following form
where the coefficients Q i (i = 1, 2, 3) are given by
From (33) and (30), we obtain
Thus, the initial susceptibility χ of the present system is given, from (36), (12) and (23b), by
where the σ and λ in (38) are given by solving the coupled equations (24) and (27). At this point, when the system is paramagnetic or σ = 0 for T > T c , the paramagnetic susceptibility χ para is given by
The χ para exhibits the divergence at T = T c determined from (28). In particular, when J 2 = 0, we can easily prove that (39) reproduces the exact expression (or (12)) of the initial susceptibility in an isolated ferrimagnetic Ising chain. Thus, the decoupling approximation ( (20) or (21)) and the correlated effective-field treatment (22) derive the reasonable results for the magnetic properties of the present system.
Numerical results
In this section, let us examine the magnetic properties of the two-dimensional ferromagnetic Ising system composed of ferrimagnetically ordered chains by solving the relations given in the previous sections numerically. In order to study them, the two values of S, namely S = 1 and S =
Phase diagrams
From (7), there may be a compensation temperature T κ at which the total magnetization M reduces to zero even σ = 0. The compensation point in the system is exactly given by
Let us first study the phase diagrams (the variations of the transition temperature T c and the T κ ) by solving the relations (28) and (42) numerically. In figure 3 , the T c versus γ plots are given for the systems with S = 1 and S = 
Magnetization and initial susceptibility
Let us now examine the thermal variations of the total magnetization M an the initial susceptibility χ in the two-dimensional ferromagnetic system composed of ferrimagnetically ordered Ising chains by solving the coupled equations (24) and (27) numerically. As is expected from the results of section 4.1, their temperature dependences will depend on whether the value of S is an integer (S = 1) or a half-integer (S = (42) is satisfied in (39)).
In figure 4 , the parameter α (or the J 1 ) was fixed at α = 0.0 and the temperature dependence of χ in the system with S = 1 and γ = 0.05 did not express any unstable feature, even when d < −1.0. At this place, let us show one of the unexpected phenomena in the χ -T curve observed for the system with S = 1, when the value of α is given by a finite value and the value of d becomes smaller than d = −1.0.
In order to compare with the results of figure 4, figure 5 shows the temperature dependences of |M| and the inverse susceptibility χ . Finally, one should notice that the |M|-T and χ −1 -T curves in the system with S = 3 2 , α = 0.0 and γ = 0.05 take forms similar to those of figure 6, although we will not show them.
Conclusions
In this work, we have investigated the magnetic properties of a two-dimensional ferromagnetic Ising system composed of ferrimagnetically ordered chains within the framework of the correlated effective-field approximation (CEFA) based on Ising spin identities and the differential operator technique. As discussed in section 3, the CEFA has derived the exact expressions of magnetization and initial susceptibility in [4] when the interchain exchange interaction (or J 2 ) is taken as J 2 = 0.0 in the system. In section 4.1, the phase diagrams of the system have been examined numerically, selecting two values of S (S = 1 and S = 3 2 ). When the intrachain exchange interaction J 1 is taken as J 1 = 0.0, different features have been observed in figure 2 for the negative region of D, depending on whether the value of S is an integer (S = 1) or a half-integer (S = 3 2 ), although the transition temperature of each system, as depicted in figure 3 , reduces rapidly to zero with the decrease of J 2 . In section 4.2, we have examined the temperature dependences of total magnetization M and initial susceptibility χ in the system with S = 1 or S = 3 2 , particularly selecting a weak interchain exchange interaction (or γ = 0.05), in order to simulate the experimental data of bimetallic molecular-based magnetic materials [1] . In the process, two outstanding phenomena have been obtained in the χ −1 versus T curves. (i) The χ −1 of the system with d = −1.0 does not exhibit divergence at T = T c , which phenomenon is observed in both systems with S = 1 and S = , as shown in figure 6 . Thus, it may be interesting to study further whether the decoupling approximation introduced in (20) and (21) is not appropriate for the system with S = 1 and d < −1.0.
From the experimental point of view, the data of bimetallic molecular-based magnetic materials may be described by the Heisenberg model better than the present Ising model. Actually, Heisenberg models and Heisenberg Hamiltonians for such systems have in fact been studied in 1D using density matrix renormalization group (DMRG) [11, 12] , quantum Monte Carlo and variational methods [13] . At the present stage, furthermore, it is not clear why type of interchain exchange interactions is mainly acting in the materials to show the three-dimensional ferromagnetic (or antiferromagnetic) ordering at a very low temperature. In this work, therefore, we have assumed that only the interchain exchange interaction J 2 between nearest-neighbour A atoms is dominant for the ferromagnetic ordering. Even though some faults are included for the analyses of the experimental data, the results obtained in this work are extremely interesting. As shown in figure 4 , the experimental data may be explained quantitatively from the present study.
Finally, we have here studied the two-dimensional ferromagnetic Ising system composed of ferrimagnetically ordered chains. The present formulation can be also extended to the case of the two-dimensional antiferromagnetic Ising system made up of ferrimagnetically ordered chains, although it is more complicated than the present one. The problem will be discussed in a separate work.
